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Solution of Systess of Linear Equations 

by the Use of Punched Card Equipment 

*>* ^reduction 

A sot of equations such a® 

2x * 3y « 3 2 equations 
6x - y • 4 2 unimeims 

0!* 
3K # 4y .• ds * 16 3 equations 
03c • 3y -*-»«* 5 3 unknowns 
»4x + y « s » 89 

or sots containing more. equations and sore unknowns are called 

systems of linear squat ions* The solution of such a system of 

equations consists in finding a sot of values* one for each of 

tli® unknown variables, that will cause each equation to be 

satisfied* In order that there be on® and only one such sol -

tion (or set of values) for the problem it is usual to require 

that the number of unknowns and the number of equations foe equal, 

IS shall tacitly asanas that our systems of equations are of 

this kind altho the method we shall give can he applied to find 

the solution of any system Insofar as such solutions exist* 

fhe solution of such linear systems occurs as part of the 

solution of many practical problems* Each correlation requires 

such a solution, and asany other amplications are found in 

statistics* Blectrleal circuit analysis and/ the analysis of 

structures are two engineering fields requiring the frequent 

solution of large linear systems of equations* 

The exact or approximate solution of linear ordinary and 
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partial differential equations can be reduced to the solu­

tion of a linear systan of algebraic equations* Because of 

the rapidly growing demand for approximate solutions of 

differential equations in the physical sciences and in engineer­

ing*. It is likely that this application of any rapid method of 

solving large systems of equations would be most Important, 

If the system of equations contains only a few unknowns 

and equations, the solution can be conveniently carried out 

with no mechanical aid or by the use ©f • slide rule or 

calculating machine. However, if g is the nurabep of equations 

sad unknowns.* the work of solving the system increases approxi­

mately as fast as n®# So if four equations and four unknowns 

require twenty minutes for solution (this time of course de* 

ponds on-the accuracy required and the skill of the computer) 

sixteen equations and sixteen unknowns would require twenty*on© 

hours of work* In solving tests systems of equations the work 

can be arranged for a ©heek at each stage of the solution but 

in other eases there is no check until the end and the chance 

of error is large* An error mads at the beginning of the 

calculation naturally invalidates all woric beyond that point. 

Hence* the practical solution of even a fairly large system 

of equations is a laborious process* Any practical method of 

decreasing this labor will he of great value in the various 

applications. 

The mechanical method which will be described require* the 

use of the standard tabulator with susisary punch of the 



In te rna t iona l instn* si . Only s i r 

»o'itflcr- ' lata?!* i l l t)i:i repai red . To adept 
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less unknown. For exwaple consider the equations* 

123.5* • 251,4y - 373.5s * 4982 „ 
pO.Vx - 361.gy • 488.1K N 1174 . 

It one nultlpllea the second equation by ^|3f§ m 2,436 sad 

subtracts it from the first there results 

1131.3y 0 1507.5s; » 2122. 

This equation Is satisfied hf the seise values of j and s that 

will simultaneously satisfy the two former equations but the 

x is missing;* 

If we start out with sine equations in nine unknowns we 

say select eight pairs of equations In which each equation 

appears at least once* If w<e eliminate seme one \aSaotn from 

each pair we #111 have eight equations in eight unknowns* By 

repeating this process we will obtain in turn seven equations 

In SSven unknowns etc, and finally one equation in one unknown. 

The vclue of this unknown It at once found by a division* The 

values of the other unknowns ©re found by substitution 

Substituting In one of the two equations in two unknowns will 

Id a Vi3UM for i second unknown^ then fcf substituting In 

one of the thr petisns in three unknowns, a vsluo for & 

fnown may bo found tmd etc*, t® this way the values of 

escb of tho unknowns \; ~ together will shsultaneo-.jsly 

satisfy each equation can be four . 

4, Bg&frsnieftl ist&on 
mm+m*-«# •***im>i|i'ini'».'nw»'*i 

In the meehenioal method here described the coefficients 

anti constant terse ere punched on eerds, ©no equation on seoh 

card* 1'egatlve valutas ere Indicated by punching complements* 
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Ihen two sueh cards are properly presented the tabulator 

computes the new'equation resulting froa the elimination of 

on© variable between the two original aquations, and the 

sttmary ptinch punches a card representing this net? equation * 

This process say be repeated until only one equation in on© 

unknown remains* the value of on® of the unknowns 1® thus 

obtained, Th® substitutions necessary to obtain the other 

unknowns 0$9 readily carried out on the machines sine©, for 

example, the substitution of x » 3- in 2x # 3y « 10 Is 

nt to I liralnstion of temm 2x + 3y « JJ 6 ^ 

x + O.y « 5 . It it therefore clear that the fundamental 

eloaent of tht- r.-aê ine solution of sysftS«i of equations is the 

process by Which the $1 ' tor elisjinateo one variable between 

two equations. The details of process sldll now fee ei^en. 

I first describe an arrangement for this purpose in 

which the control of the process is in the hands of the opera* 

tor* The were complicated elaborations necessary to state© the 

process more nearly automatic will be added later. 

In this method cards ere' not presented at the brushes In 

the usual way since the card would I -ass out of the asschine 

and In this application It ia essential fchpb the sards be held. 

Instead the card is placed In the enxlllisry apparatus in 

which it rests In the* proper position upon, a set of ten horlaen* 

tal bars Indicated fey 3, ©•** 0n etc* in the sehesratic drawing* 

->ve the &*$$ ar* rowff of brush contacts indicated by S, ':'•'*, 

, eta* At tbe boles punched In the card these brushes meke 
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contact with the bars below, These bars receive current from 

the saster breaker thru a central box I and a distributor D 

which Is counted on the tiding shaft of the tabulator, This 

distribution is so timed that when the shaft is in the "Q* 

position, the corresponding impulse will pass into bar 0, the 

n/ln ImpnlBs will pass into bar C3-* ote* It Is obvious thet If 

the brush contacts H, H* etc. were plumed diroctly into a 

count or, at each cycle of the machine the card contents would 

m&d into the counter". Sosae arrangement will be nacassary to 

block out the actios, of the card swito i :.ch stops the sacb* 

inc snd interrupts the circuit no cards are passing the 

machine in r .••ual w*y. 

However the brush contacts B, I;*, etc. are not plugged 

direct!*; Into the counter® but are connected to contact springs 

C, G*, etc. fastened to a slldin;; lor of Insulatir. '..erial 

1, These contact springs toucl. contact points 5£P* etc. 

connected to the jacks that may be plugged into the various 

counters of the tabulator} when however the bar K is shifted 

the relation between, the fields on the card end the counters 

is changed in such the eiawe wmy and for exactly the SS) 

purpose that the; sa^riage on e computing mssl ! is shifted, 

the schematic d3PSWiHg If cirr.vm on the bassls of field© of eight 

places but this Is of course optional. 

An '.'•• m stated | Iwe nutabers are punched on the 

cards as complements. When the hex1 E is shifted to the right 

the contact points P, P* *$$« laft unconnected with &, ', etc. 
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aust be supplied with e w9ft irapuleo if the number punohed 

In tba ©erraapondln • "e. is a oosplentent. To supply this 

additional y d , Nh of contact springs 

are provided* The ,?9W .1 ̂pulsc is drawn froia the "O*1 point of 

the distributor' thru rasnual switches closed if the ntaaber in the 

associated field is a. complement, or hotter yet from the left 

brush contact of say I" each as I thru switches operated ! 

the tiding shift and closed only at the m9n position, In this 

o a W9 W punched In the left colussn of any field indicates a 

eonpleiaent but this only slightly decreases the cepaeity of the 

• ••bine slnca any other number punched In this column will not 

interfere with the proper operation of the m e I sine** In 

any case care will ' I sjtsreised to avoid e carry ove* 

bail 8t, 

control »ye A and S* VShen key A Is down 

the circuit tw&m the tester breaker to the distributor 0 Is 

closed. .hen boy I is down both this eirce.lt ant* the sat 

circuit causing; subtraction In ell fields during the subsequent 

eycls of the isechine is closed. As Indicated by the dotted Una 

these switches are interleeked (probably electrically) with the 

timing Shaft of the tabulator so that the position of the keys 

(or mora precisely the status of the circuits controlled by 

the beys) sen only b© iiUNfti inactive portion of 

the cycle. 

In ordi>i» to perform the elimination of one variable fron-

two equations wo mmt punch the- coefficients and constant term 

of esch ©pnhlon on oerd®. To be specific we msy Itaeeine we 
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have nine unknowns in the aquations and punch those nine 

coefficients end the constant term in ten fields of eight 

places thins filling the card. His bar 1 la saved to Its-

left raost, that Is the dotted petition* The first card is 

eed in the apparatus and the key k depressed for one cycle, 

(If A war© depressed for two cycles the accuracy of the 

method would not be Isspaired), Then the second card is placed 

in the apparatus and the keys A and 3 and the position of the 

bar I are so stanipuiated that the reading of the counter 

associated with the variable to bo eliminated is reduced to 

sere. This process is very stellar to the process of division 

on a computing machine In which the remainder carried by 

the asehins Is continually redueed. Then it is easy to see 

mathematically that the numbers carried by the other counters 

represent the coefficients mvl. constant terra of the reduced 

equation. Upon control the tabulator suaoary punches thus© 

results for a repetition of the process without any chance 

for husnan error. 

-: bar £ is to be moved by a mechanic©1 ^ovmmnt that 

steps it positively In the positions in which the contact 

springs touch the contacts. In the practical construction of 

such a device it would pw iy be advantageous to orrange 

the contact springs C, C»» etc. frost a given field, the B 

springs to supply the *9B and the contacts les4ing to the 

corresponding counter in a circular arrangement. The circles 

for the varices fields sad counters would b© erre-nged side by 
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aide the whole constituting s cylindrical structure. The 

©ontact springs collet remain stationary and th© various 

circles of contacts would then be mad© to rotate about a 

oomon shaft or vice vorsa. 

In esse the counters are not visible (as in the 

s&o&sra alphabet sachln©} a. slrnel could be arranged t© notify 

the operator of ft carry over frets the loft dial of the 

counter the contents of which I* ' .;; reduced to aero. Ibis 

signal will enable the operator to proceed to reduce the 

tents of this saunter to gero without following its exact 

contents visually, 

s» Autoi'mtlc Proration 

It Is ee&parfttlvely easy to make the* elimination of 

one variable automatic and this Is probably desirable since 

It will reduce- operator fatigue and increase the seeded of 

the operation. With this arrangement the operetor would add the 

contents of the- first card into the counters, place th© 

second card in the auxllllary device &nd start the allmlna* 

tion by pressing the A or S bey as required to reduce the 

tent* of the counter belnn; eliminated, The smehlna won 

then eliminate the content& of this counter, atop end 

snsaaery punch the result a* fhis effect 1® obtained in the 

following way. Suppose the 3 key Is depressed at first to 

reduce the contents of the counter, The control E will be 

arranged so that this key will remain depressed until a 



carry over occur® froa the left dial of the counter the 

contents of which Is being el ir. In-ted. This closes ft set 

up circuit which regains closed until the machine reaches 

the succeeding vacant portion of its- cycle, :iIhen three 

things happen automaticaliy. Steft bar X or its cylindrical 

equivalent is sieved to th® next position ii.c. to the right) 

by an elsctrerae^nct, th© key S rises and the hoy h Is 

depressed {this is necessary since w© have subtracted en<Mt. 

too saany times'} and the set up circuit is restored, The 

machine continues adding until carry over then subtracting 

until carry over with the bar X in succeed!; •; sltlons until 

the number In the counter with the carry over signal is 

eliminated* f&§ last movement of the electromagnet stops the 

B# and th© susa&ary punch punches a curd wttfe the coeffl* 

ttiemti of the new equation. It is estimated that the elimina­

tion of one- unknown froa two aquations should be accomplished 

in less than'twenty seconds. 

6, Mora Unknowns 

If th© number of unknowns is greater t:-..sn one less- than 

the number of counters on the tabulator an. entire aquation 

cannot bo punched on one card and the elimination of one 

unknown cannot be performed In one operation of the tabulator. 

However the coefficients of I given equation may ba @d 

on two or sore cards and th© elimination performed In two or 

nore operation® if provision Is made to punch the coefficients 
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of the variable being eliminated in duplicate on each of the 

cards represent inf. the equation, Th© dttplieated coefficient j 

can be copied by th® mmm$&f punch* 


