Solution of Systems of Linear Nquations i
by the Use of Punched Cerd Equipment

1. Introduction
A set of equations such a8
2x + 3y = 8 2 equations
ix « y= 4 2 unimowns
or
3x =« 4y + B2 = 10 3 equationa
Bx « 3y + 2= § 3 unknowns
«ix + y= 8 =29

or sets contalning more equations and more unknowns are called
systems of linear equations, The solution of such e syatem of
equations censists in finding a set of velues, one for each of
the unimown wvarisblea, that will cause esch equation to be
satisfied, In order that there be one and only one such solue=
tion (or set of values) for the problem it 1s ususl to require
that the nurzber of unknowns and the number of equations be equal,
We shall tacitly assume that our systems of equationa are of
this kind altho the method we shall glve cen be applied to find
the solution of any system insofer as such solutions exist,

The solution of sueh linesr syatems oceurs &s part of the
solutlon of many practical protvlems. ZHaech correlation requires
such a solution, and meny other aiplications are found in
statlastioss Electrical clreult analysils and the analysis of
structures sre two engineoring flelds requiring the frequent
solution of large linear aystems of equations,

The exact or approximate solutlon of linear cordinery and
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partial differentlel eguatlons can be reduced to the solu-

tion of & linesr system of algebrale equations. Because of

the rapidly growing demsnd for approximate solutlons of
differential equations in the physical sciences and in englneer=
ing, 1t 1s likely that this application of any rapld method of
solving lerge systems of equations would be most important,

If the Ijlm of equations contains only a few uniknowns
and equations, the solutlon can be convenlently carried out
with no mechanical ald or by the use of a slide rule or
caloulating machines However, if p 1s the number of equations
and unknowns, the work of solving the system incresses approxi-
matoly as fast as n° 8o 1f four equations and four unkmowns
require twenty minutes for sclution (this time of course de=
pends on the aceuracy required and the skill of the conputor)
sixteen oquations and sixteen unknowne would require twentye-ome
hours of work. In solving ecme systems of equatlons the work
ean be arranged for & check nt each stage of the solution bub
in other csses there is no check until the end and the chance
of error is large. An error mede at the %e:immlng of the
calculntion neturally Invalldetes all work beyond that point,
Hence, the practical solutlion of even a feirly large system
of equations 1s & laborlous process. Any practlical method of
decreasing this labor will be of grest wvalue in the various
applieations.

The mechanical method which will be described required the
use of the standard tadulstor with summary punch of the



Internstionel Business Mechines Corporstlon., Only slight
modgfilontions of the tebulstor will be required. To sdapt
tm; ;quimt to the prannt' problem one plﬂll of suxiilie
ery apparatus 1z nesded whieh will be plugped ints the
tabuletor vhon 1t le used fop solving eguatliona. The soeffie
cuﬁta of the cjuetions and the constent torm are mhudi
on serde £nd the entire proscss {except one finel division)
ie curriod thru withoub any opportunity for the sperster to
introduce m. » #xospt thru pgross mismenapement of the
procees, Such grose errors would be fmmediegtely evident,

2, Methemetics of Jclutiom
Before disouseing the punohed cord method of solving

eguetions 1t 1s sggentlal to have well in mind the methometie
esl detalls of such solutions. The moat elegant method of
studying the soluti ns of lincar systeme of equotions meken
use of determinenta and theae gusntitles can be used in die-
cussing the mechaniecsl method. On the eontrery, »¢ shall use
the method of sliminetion of warlisbles eince Lt makes the
mofheanical method equaelly clear and 1o simnler, However, 1%
shoald be !ﬁnﬁﬂh'ﬂ';d that the gennection between solution of"
eystems of equations eni evalnstion of determinsnts 1s viry
ology and the mothod given 1le resdily sdepteble to the lattep
PUrpose.

If we have two lincar equetions in eny number of une
known quantitles, they mey be combined inm such 2 way er ©6

eliminete one veriable and leogve one equation contalning one
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less unkmown. Por exemple consider the equstions:

123,.5x + 9311‘7 - 378,60 = 4588 ,
mah - m;a’ + m.u - u?‘ .

If one matirlies the sseond equation by 3B3eR = 2,436 emd
subtracts it from the first there results

1151.3y = 180%,6z = 2122,
Thls equatlion 1s satlafled Ly the seme veluss of ¥ end g that
will sisultanecusly satlefy the two former equaticns btut the
x 1s mlssing,.

If we stert out with nine oquotions in nins unimowns we
may sclect elght paeires of oguations in which esch eguation
appesrs at least once, I we clinminste some one unimown from
each pair we will have elght equations in elght unimowns. By
repeating this process we wlll obtain In turn seven eguations
in seven unknowns ete,, snd finally one equation in one unknown,
The value of this unimown 1ls at once found by a diviesion. The
values of the other unimowns ere found by substitution.
Bubstituting in one of the two equations in two unknowns will
vield a velue for s segcond unimown; then br substituting in
one of the three squations in three unknowms, a velue for a
third unkmown mey be found and otc.s In this way the values of
esch of the unimowns whilch tekon together will simultaneously
satisfly each equetion cen be found,

4. Meshanicsl Method

In the mechanical method hore described the coefficlents
end constent terms ere punched on cerds, one eguation on cach
card., FEegative values sre indicated by punching eomplements,
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When two sush cards sre properly presented the tebuletor
computes the now equation resulting from the eliminatlion of
one variable between the two origlinel eguations, and the
pummary punch sunches & card representing this new equation.
This process mey be repeated until only one equation in ome
unimown remelns, The value of one of the unknowns is tius
obtained, The subetitutions necessary to obtaln the other
unimowns sre readlly cerried out on the machines aince, for
exerplo, the substitution of x = § in Ox + 3y = 16 is
equivalent to the eliminstion of x betwoen 8x + Sy = 16 end
x4+ 0y= 5 . It 15 therefore clesr that the fundamental
element of the maghine solutlon of eystemz of equations i1z the
process by which the tabulator eliminstes ome verlsble between
twe equatlions. The detolls of this process =11l now be glvem,
%e shall first describe en srrangement for thls purpose in
which the control of the process 1s in the hands of the operes
tor, The more complicated elaborations necegsery to mske the
process more nearly subtomatlic will be asdded later.

In this method cards are not prosented at the bdrushes in
the usunl way sinee the cerd would then psss out of the mschine
end in this appllicetion 1t 1s essentlsl thet the csrds be held,
Instead the cerd 1s placed In the suxilliary arparstus in
which it rests in the proper position upon a set of ton horlzone
tal bars indiceted by 6, 4, GF gte, in the schemastic drawing.
Above the ocard are rows of bruch contects indlcated by I, HY,
", ete., At the holes punched in the cerd these brushes male



eonteot with the Lere below, These bars recelive current from
the master bresker thru g contral box E end a dlstributer D
which 1s mounted on the timing shaft of the tabulator, This
distridution 18 so timed that when the shaft 1z in the "O"
position the correspending lmpulse will pess Inte ber 9, the
"I" lspulee will pase into bar O0' ete., It 1s obvious thet if
the brush contacte H, H' ete, were plusped dlirectly into a
counter, et esch syole of the machine the gcard contents would
add inteo the counter, Some arrengement will be necessery to
block out the petion of the card switaeh which stops the magche
ine end interrupts the clreuit when no ¢erds are pesaing the
machiine in the usual wey.

However the bLrush contects M, HY, ete., sre not plugged
directly inte the ccunters but ere¢ connected to contsct springs
€, O, ete., fastened to & 8liding Ler of Insulating meteriel
K+ Thoeee contact apringes touech conteet polnts EP' ete.
conneoted to the Jacks that mey be plugsed into the various
counters of the tabulator; when however the ber ¥ 18 shifted
the relstion between the fields on the csrd end the ecounters
is chenged in muich the came wey and for exsctly the sameo
purpose that the cerrlege on & computing machine La shifted,
The schematlo drewlng 1s drewn on the besis of flelds of eight
plocees tut thie is of course optional,

As has bLeen ptated negstive mumbers are punched on the
¢ards na complements. Whon the Ler ¥ 1a shifted to the right
the sontact points P, P! ete, left unconneeted with H, HY, eto,



mst be supplied with n 9" dmpulse if the muber punched

in the corresponding fleld ie & ocomplsment., To supply thie
impules the additiomnal groups B,DY, ste. of contaet springs

ere provided, The "% l.pulse 1is drawn from the "9" point of
the distributor thru msnusl switches closed 1f tho mumber in the
aspocinted fleld 1p o complement, or bLetter yot from the left
brush contact of any lleld sueh es H thru switches operated by
the timing ehaft end closed only et the "0" position, In this
cage a "9" punched in the left column of sny fleld indicates a
eomplement but this only slightly deeresses the capaclity of the
meehine gince eny othar rumber punched In this column will nok
interfere with the preper operation of the machine gnd gince in
ony case oare will have to be eoxercised to avold = earry over
being lost.

The econtyrel & hap two keya A end S, Vhen key A 18 dowm
the eireult from the mester bresker to the distributer D is
closed, “hen key & is down bLoth this cireult and the set wp
eireult ezueing subtrection in ell flelds during the subseguent
eyele of the machine 18 elosed, As indiested by tht dotted line
these switohes are interlocked (probably slectricslly) with the
timing shaft of the tatmlstor so that the position of the keye
(or more precisely the status of the elreults contrelled by
the keys) esn only be sltered during the insetive pertion of
the cyele.

In order to porform the eliminstion of one verlasble from
two agquetlions we suet puneh the coefflclents and constant temm
of egseh e uction on cards. To De specific we may Imepine we
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heve nine unimowns in the egquetions end punch thase nine
coefficients and the gonstent term in ten flelds of elght
ploces thus rilling the cerd. The ber K is moved to ite

left =moot, that 1is the dotted pokition. The first card is
ploced in the spperatus and the key A depressed for one gyecle,
(If A were depressed for two cycles the accuracy of the
mothod would not be impaired), Then the gegond ceard is placed
in the epperatus and the keys A end 8 end the position of the
bar £ are so manipulated that the resding of the eounter
associated with the verisble to be oliminsted 1s reduced te
gero, This process 1s very similar to the process of divislon
on & computing meehins in which the remeinder carried by

the mgchine 1s continuelly reduced. Then it 1s easy to see
nethematicslly thet the numbers earried by the other counters
repreosent the cooffislients and constent term of the reduced
eguation. Upon sontrol the tabulestor swmery punches these
regults for e repetition of the process without eny ehasnce

for humen €rrTor.

The bar K 1s to be moved by a mechenicel movement that
stops it popltively in the positions in whiech the conteet
gprings toush the contecte, In the practiecsl constructlon of
such o deviee 1t would probebly be edvantegecus to arrenge
the oontect springs C, C', ete. from s pgiven fleld, the B
springs to supply the "9" snd the contects lesding to the
corresponding counter in s eireulsr arrengement. The ecircles
for the verious flelds and counters would be arrenged side by



side the whole constituting e eylindrical structupe. The
contaet springe could remain stetionary and the warious
oireles of contects would then be made to rotste sbout e
common shaft or viee verss.

In coge the counters are not vieidle (ss In the
modern alphsbet mechine) m signsl could be srrenged to notify
the operator of e carry over from the left dial of the
counter the contents of whieh is being reduced to sero. This
signel will oneble the operastor to proceed to reduce the
contents of this sounter to zero without following ita exaet

contents visuaslly.

5. Aubomstic Operation
It 1s comperetively essy to make the elimination of

one varieble outomatic and this 1s probably desirsble since
1t will reduce operastor fatigue snd Inorease the apeed of
the operation. With this srrsngement the operstor would add the
contents of the first card into the counters, plece the
socond eard Iin the auxillliery deviece snd start the eliminme
tion by presaing the A or & key sz reguired to reduce the
contente of the counter being elimineted. The machine would
then oliminste the contents of this counter, atop and
summary punch the resulta. This effect 18 obtsined in the
following way. BSuppose the 8 key 1s depressed st first to
reduce ‘I:h- contente of the counter. The control E will be
arrenged go that this key will remain depressed until a
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esrry over occurs from the left disl of the counter the
contents of whioch 1s belng eliminsted. This closes s set

up eireult whieh remeins closed until the mechine reaches

the succeeding vecant portion of its cycle. Then three
things heppen sutomatically, The ber X or its eylindricsl
equivalent 12 moved to the next positlon (i.0. to the right)
by en electromsgnet, the key 5 riges mnd the key A is
depressed (this is necessery since we have subtracted onod
too meny times) end the set up ciroult 1s restored. The
machine continues sdding until cerry over then subtrecting
untll earry over with the ber K in succeeding positions untll
the number in the counter with the carry over signsl is
eliminoted., The last movement of the slectromagnet stops the
mechine snd the summary punch punches a eard with the coeffie
aients of the new equetion. It 1eg estimsted that the oliminee
tion of one unknown from two equations should be secomplished
in less then twenty seconds.

6. Jore Unknowng
If the number of unimowne is greater ti.an one less than

the number of counters on the tebulator an entire equation
cannot be punched on one card and the eliminatlion of one
unknown eannot be performed in one operatlon of the tabulator.
However tha coeffliclents of s glven equation may be punched
on two or more cards and tho eliminetion performed in two or
more oporations Aif provision 1s mede to punch the goefficients



of the veriable being eliminsted in duplicate on engch of the
ourds repreaenting the eguetion, The duplicated coefficlents
cen be copled by the susmery punch,



